We propose a realization of quantum computing using polarized photons. The information is coded in two polarization directions of the photons and twoqubit operations are done using conditional Faraday effect. We investigate the performance of the system as a computing device.
In Case I we assume that the states |±1 are degenerate and that the transitions |0 → |±1 are at resonance, ∆ The initial state is taken to be the disentangled form
where |0 denotes the vacuum of the fields. The coefficients are in general complex numbers normalized to unity. We propagate the state vector (2) to the time t with the Hamiltonian (1) and write the final state as |Ψ out = e −iHt |Ψ in = can be solved exactly, and performing a rotating wave approximation with respect to the frequency ω 0 + Ω 1 + Ω 2 we obtain in Case I C 9 (t) = cos(λ 1 t)C 9 (0) + i sin(λ 1 t)C 4 (0) (5) C 6 (t) = cos(λ 1 t)C 6 (0) + i sin(λ 1 t)C 3 (0); (6) in Case II only (6) is valid. Choosing the interaction time such that λ 1 t = π, we find that the probabilities are restored in these subspaces. We are now left in Case I with a 5 dimensional and in Case II a 7 dimensional subspace to consider numerically.
After the interaction, the state (3) is available for measurements. In the ideal situation, the initial photons would have been restored to the radiation field. This is desired because the information resides in these photons, and they should be available for subsequent computational operations. We can ensure that they have been returned by observing that the atom is back in its ground state |0 by projecting the final state on this. After the interaction, the atom is available for inspection; a measurement on its state does no longer affect the outcome of the process. We write this state after an observation, |Ψ 0 = |0 0|Ψ out , as
We have written the amplitudes and phases of the new coefficients as C ij e iϕ ij (i, j ∈ {−, +}).
A measure of the efficiency of the process is the probability P 0 = | 0|Ψ out | 2 . A small value of P 0 makes the process inefficient, but once the state |0 has been observed on the atom, the expressions in the brackets of (7) give the effect on the state (α + a †
conditioned on the presence of the photons b † ± on the lower transitions. These expressions contain the effect of the gating action of the system. In all cases investigated in this paper, however, P 0 has been found to deviate from unity by less than 1%. The process is efficient as given.
If the coefficients η ij = C ij /|α i β j | in (7) are close to unity, the interaction only adds the phases ϕ ij ; the polarization of the a † -field has been changed by the interaction. If we define the initial phases ϕ a ± = arg(α ± ) and ϕ b ± = arg(β ± ), we denote the phase changes by
We now write the final state (7) in the form
now that all coefficients η ij are unity, we obtain in the symmetric case the ideal transformation U I ∼ e iϕ Diag{e i∆ϕ , e −i∆ϕ , e −i∆ϕ , e i∆ϕ }. In the detuned Case II, we obtain We are now going to consider the performance qualities of the model system as a gated bit transformation. The input to the calculation is the initial state (2). To begin we choose the "classical" case when only one of the input states is present. In the symmetric Case I, the choice of state is not important, c.f. U I , but for the Case II, we need to look at the
As stated above, the interaction time is chosen such that t = π/λ 1 ; in the calculations we choose λ 1 = 1. For large detunings (ω 2 → ∞) η −+ approaches unity, but the phase shift ∆ϕ goes to zero. In Case I, the numerical investigations show that we can retain η After having described the "classical" inputs, where each 2-bit pure state has been treated separately, we now turn to consider the genuine quantum situation described by the input state (2). The performance of the system acting on this state is, of course, essential for its usefulness as a quantum computing device.
An input consisting of a pair of two-level systems contains 4 degrees of freedom: the 4 complex numbers involved loose two parameters to the over-all phase and two to the normalization conditions. It is still difficult to display the results of a 4 parameter input space, and hence we start by considering only real coefficients in Eq. (2) . The influence of the phases ϕ a ± , ϕ b ± will be discussed below. We are thus left with two real parameters, one for each input bit. We choose to display our results as functions of α 
We want to introduce a quality factor for the use of a system like this in computations.
The performance is close to ideal, when the parameter η ij ≃ 1. However, when either one of the input parameters α i , β j becomes close to zero, any minute value in the corresponding coefficient C ij is likely to cause a large value η ij . Thus we want to consider the retention of that product α i β j which is the largest. A value close to unity here signals a good performance.
To test this idea we consider the variables
Another measure of the efficiency of the process can be given by the retention of the ratio between the two components b † ± in Eq. (7). This starts from |β + /β − | 2 and if retained the
should be close to unity. The retention parameter R for Case I and the inputs |β 1 and |β 2 is shown in Fig.4a together with the corresponding quality factor in Eq.(11). In Fig.4b the same parameters are shown for the asymmetric Case II. As we can see, the retention parameter R is at its worst about 70%; in Case II it is better than 90%. In Case I, the quality factor (11) is good to within 90% and in the asymmetric Case II to better than 95%.
Finally we want to return to the question of the influence of the initial phases. These do affect the outcome, but their influence seems to be smaller than the influence of the magnitudes. We consider the achieved phase shifts as functions of the superposition coefficients α and β. In Fig.5 we plot the phase shifts ∆ϕ ± against α ideal behaviour is observed, ∆ϕ + ≃ 9.5
• and |∆ϕ − | < 0.4
• . The effect of the initial phase is small. In the symmetric Case I, the behaviour was found to be less optimal: we saw only a small difference for the two β-states, but for α 2 − in the range (0.1, 0.9) the phase shift changed from 30
• to 10
• . Thus in Case I, the magnitude of the angle remains considerable but it does depend on the value of α. We have not carried out a systematic investigation of the influence of the phase factors; the results reported here indicate that they cause no drastic changes. If needed, their effects can easily be evaluated using the method presented here.
As a conclusion, we discuss how well a quantum gate can be realized in our model.
We choose to look at the Controlled-NOT gate, which changes the value of the target bit whenever the control bit has the value one. Based on the considerations above, we conclude that the asymmetric Case II is better suited to work as a gate. Its performance can easily be improved from the results presented above by increasing ∆ This has to be applied three times in sequence in order to get a phase shift of 180 • , which is needed for the Controlled-NOT gate. After performing suitable transformations between the circular and linear bases (see [7] ), we obtain as the final result the Controlled-NOT transformation C N :
The overall phases e −i33 • and −1 are irrelevant. We see that the Controlled-NOT gate can be realized in this case to the accuracy 10 −2 .
The present scheme has been found to perform reasonably well as a computing device.
It is naturally not good enough to be an element of a computer network of realistic size, but there seems to be no suggestion in the literature which satisfies this criterion. The performance of our scheme can be improved by sequantial application of the b † -and a † -photons, with final restoration of the b † -state by a third pulse. Such a scheme seems to require perfectly controlled pulses, which we regard as even more unrealistic than the model we have investigated. To implement our method in a multi-step computation we assume all initial information to be coded in a set of field modes residing uncoupled in the same cavity. During their coherence time, we shoot through the cavity volume a sequence of suitably chosen atoms which couple the photon pairs, i.e. perform the two-qubit operations.
To affect all possible unitary transformations, the cavity has to be rather complicated, containing a suitable arrangement of λ-plates to give access to all desired polarization states. The shift ∆ϕ + is shown also for the case of a non-zero initial phase ϕ a + . (Case II) 
